In the present paper, we give the derivation algebra Der g and the holomorph h(g) of the finite dimensional Heisenberg superalgebra g over the complex field C. We also give the derivation algebra Der h(g) of h(g). We prove that Der g is a simple complete Lie superalgebra, h(g) is not a complete Lie superalgebra, but its derivation algebra Der h(g) is a simple complete Lie superalgebra.
Introduction
The Lie superalgebras and their representations have emerged naturally as the fundamental algebraic structure behind several areas of mathematical physics, in 1970s. In [3] , Kac gave a comprehensive presentation of the mathematical theory of Lie superalgebras, and obtained an important classification theorem for finite dimensional simple Lie superalgebras over algebraically closed fields of characteristic zero. Lie superalgebras closely depend on Lie algebras. In recent years, there have been many studies about Lie superalgebras. The theory of complete Lie algebra has been developed in recent years. Some detailed discussion were given in [4] [5] [6] [7] . Since 1990s, complete Lie superalgebras have attracted more and more attention (see [2] etc.).
Heisenberg superalgebras play an important role in physics. In this paper, we prove the derivation algebra of the Heisenberg superalgebra and that of the holomorph of the Heisenberg superalgebra are simple complete Lie superalgebras. Therefore, we obtain two important classes of simple complete Lie superalgebras. Throughout the paper, we always discuss finite dimensional Lie superalgebras over the complex field.
Let F be a field, g = g0 ⊕ g1 be a Z 2 -graded algebra in F. We call g a Lie superalgebra if the multiplication [ , ] satisfies the following identities:
Definition. A Lie superalgebra g is called a complete Lie superalgebra if g satisfies the following two conditions:
(1) the center of g is zero, i.e., C(g) = 0; (2) all derivations are inner derivations, i.e., Der g = ad g.
Definition.
A Lie superalgebra g = g0 ⊕ g1 is called a Heisenberg superalgebra if
From (2), we know C(g) = Cc, where c is nonzero central element of g0. By (1), there is a symmetric bilinear C-valued form ψ on g such that
(1) Lemma 1.1. Let g = g0 ⊕ g1 be a Heisenberg superalgebra. Then:
(1) There exists a homogeneous basis {x 1 , x 2 , . . . , x 2n , c} of g if dim g1 is even number, i.e., dim g1 = 2n such that the matrix of ψ relative to this basis is
where E n is unit matrix of order n. (2) There exists a homogeneous basis {x 1 , . . . , x 2n , z, c} of g if dim g1 is odd number, i.e., dim g1 = 2n + 1 such that the matrix of ψ relative to this basis is
where E n is unit matrix of order n.
The following we denote by H = H0 ⊕ H1, dim H1 = 2n the Heisenberg superalgebra of odd dimension, by H = H 0 ⊕ H 1 , dim H 1 = 2n + 1 the Heisenberg superalgebra of even dimension.
Let A be a linear transformations of H (resp. H ) with the corresponding matrix relative to the basis {x 1 , . . . , x 2n , c} (resp. {x 1 , . . . , x 2n , z, c}) still denoted by A. Then A is a (2n + 1) × (2n + 1) (resp. (2n + 2) × (2n + 2)) matrix. Let e ij be the matrix which is 1 in i, j -entry and 0 everywhere else.
Lemma 1.2. D ∈ (Der H )0 if and only if
where
Proof. D ∈ (Der H )0 if and only if
The lemma follows from (2).
We set
Lemma 1.3. D ∈ (Der H )1 if and only if
D =     0 0 0 0 0 0 0 0 0 0 0 0 a b c 0     , where a = (a 1 , . . . , a n ), b = (b 1 , . . . , b n ), a i , b i , c ∈ C.
Proof. D ∈ (Der H )1 if and only if
The lemma follows from (3).
From H , we can see that a matrix in Der H has the same form as that in the first case, with the 2n + 1 row and column deleted. Let g be a Heisenberg superalgebra and dim g = m, we set
Ce mi .
Theorem 1.5. Let g be a Heisenberg superalgebra. Then Der g is a simple complete Lie superalgebra.
Proof. It is clear that Der g = s + r 0 + r n , and s is isomorphic to the simple Lie algebra so(m − 1, C). Noticing that the space r n is isomorphic to the natural representation of so(m − 1, C) on (m − 1) × 1 matrices by matrix multiplication, we get r n is an irreducible s-module. By Theorem 1.4, Der g is a complete Lie superalgebra.
Because s is simple Lie algebra and r n is a simple s-module, the proper ideals of Der g are s + r n , r 0 ⊕ r n , r n , none of which are complete. The theorem is proved.
Actually, r n is the inner derivation algebra of g. g is s + r 0 -module and is the direct sum of submodules g1 and Cc. Theorem 1.6. ad| g1 is a module-isomorphism from g1 to r n .
Proof. It is easy to deduce that
Hence ad| g1 is a linear isomorphism from g1 to r n .
The theorem holds.
The holomorph of Heisenberg superalgebra
Definition. Let g be a Lie superalgebra and h(g) = g ⊕ Der g. Define the bracket in
We denote by L the holomorph of the Heisenberg superalgebra H . Let h 0 be a Cartan subalgebra of s, set
Let {α 1 , . . . , α n } be a basis of h * such that
. . , α n } be a simple root system of s, 0 be root system of s, where s α i = C(e i,i+1 − e n+i+1,n+i ), i = 1, 2, . . . , n − 1; s α n = C2(e n,2n+1 − e 2n+1,2n ).
For α ∈ 0 , α can be extended to the linear function on h = h 0 + r 0 by setting α| r 0 = 0.
Set α ∨ n+1 = I 0 and α n+1 ∈ h * satisfying α n+1 (α 
Then we have
Lemma 2.1
Lemma 2.3. If D ∈ (Der L)0 and D(h) ⊆ h, then (1) D(e α i ) = λ i e α i , D(e −α
and there exists h 0 ∈ h such that D = ad h 0 .
Proof. By Lemma 2.2 and s is semisimple, (1) is obvious.
Assume that D(e 2,n+1 − e 1,n+2 ) = λ(e 2,n+1 − e 1,n+2 ), D(e 12 − e n+2,n+1 ) = µ(e 12 − e n+2,n+1 ). 
Notice that L is generated by r 0 and {L ±α i | i = 1, . . . , n + 1}, then we have De α = α(h 0 )e α = ad h 0 (e α ) for e α , α ∈ by the fact above.
Theorem 2.4. The holomorph of the Heisenberg algebra g is not a complete Lie superalgebra, but its center is zero.
Proof. By (4), the holomorph h(g) of the Heisenberg superalgebra g has the decomposition of direct sum of subspaces:
Because g1 and r n are the simple modules of a simple Lie algebra s, and [I 0 , Cc] = Cc, we deduce that C(h(g)) is zero.
Define a linear transformation D of h(g) by
Since g is a ideal of h(g), and D(g) ⊆ g, D cannot be an inner derivation.
Let
, D is a derivation of h(g). This proves the theorem.
By [3] , Der L = ad L+W is the direct sum of s-module ad L and W , and since 
We can get a result as follows. 
The simple complete Lie superalgebra Der L
In this section, we will prove that the derivation algebra of L is a simple complete Lie superalgebra.
Then L is a Lie superalgebra isomorphic to Der L. The proof is similar to which in [1] .
